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By comparing with recently available experimental data from several groups, we critically discuss
the manifestation of continuum many body interaction effects in twisted bilayer graphene (tBLG)
with small twist angles and low carrier densities, which arise naturally within the Dirac cone approx-
imation for the non-interacting band structure. We provide two specific examples of such continuum
many body theories: one involving electron-phonon interaction and one involving electron-electron
interaction. In both cases, the experimental findings are only partially quantitatively consistent
with rather clear-cut leading-order theoretical predictions based on well-established continuum many
body theories. We provide a critical discussion, based mainly on the currently available tBLG exper-
imental data, on possible future directions for understanding many body renormalization involving
electron-phonon and electron-electron interactions in the system.
I. INTRODUCTION
Electronic properties of twisted bilayer graphene
(tBLG) at low twist angles are of great current interest
because of pioneering experiments1,2 by Cao et al. and
follow up experiments from several groups3–9. Among
the numerous striking experimental findings, the most
significant ones are the discovery of carrier density depen-
dent superconducting and insulating states at low tem-
peratures at various fillings of the tBLG moire´ flatband,
a highly resistive linear-in-temperature(T ) resistivity at
higher temperatures above the exotic ground states, and
intriguing magnetic properties at different carrier densi-
ties. There is as yet no consensus in the literature on
the origin of all the observed exotic phenomena in tBLG
except for the general agreement that the physics here
is controlled by the extremely flat band nature of the
system at low twist angles where the Fermi velocity is
greatly suppressed leading to very strong interaction ef-
fects. There are strong hints that the system is strongly
correlated and therefore, the noninteracting band theory
may not even be a good starting point, but in spite of
a large number of theoretical papers10–45 on tBLG, no
agreement has been reached on the precise nature of the
superconducting and insulating ground states of the sys-
tem. A serious complication in understanding the tBLG
physics at this stage is that experiments do not always
agree with each other with respect to the details of the
various observed phases and their temperature and car-
rier density scales, indicating the likely role of unknown
nonuniversal physics (e.g. disorder, strain, substrates).
The current work deals with interaction effects in
tBLG, but with a rather modest and narrow focus. Our
view is that it may not be particularly useful to insist on
one global paradigm underlying all tBLG phenomena,
and the possibility that different phenomena may arise
from different types of interaction effects should be taken
seriously. After all in normal metals, superconductivity
(ferromagnetism) arises from electron-phonon (electron-
electron) interactions respectively, and insisting on one
interaction mechanism to explain it all (as is often done
in high-Tc cuprates) may not be the most reasonable ap-
proach. Given that both electron-electron and electron-
phonon interaction effects in monolayer graphene (MLG)
are well-understood46–48, we ask the extent to which
tBLG properties derive from MLG properties using a
continuum many body theory perspective. Such a con-
tinuum many body theory approach using the linearized
Dirac dispersion (and accounting for spin, pseudospin,
and valley) as the starting point has had great success
in explaining much of the experimentally observed MLG
(as well as regular Bernal-stacked bilayer graphene, BLG,
without any twist) phenomenology including electron-
electron and electron-phonon interaction effects46–48. Of
course, the strong twist angle induced suppression in the
Fermi velocity in tBLG compared with MLG enhances
all interaction effects drastically, but it is important to
ask whether such a continuum Dirac description of tBLG
using a suppressed Fermi velocity is capable of capturing
the currently observed experimental phenomenology at
least qualitatively as a zeroth order approximation. If
not, then tBLG must be thought of as an independent
strongly correlated lattice system on its own which is not
adiabatically connected at all to MLG (i.e. highly suc-
cessful continuum many body theories cannot be simply
transplanted from MLG to tBLG). A natural question
would then arise on how and why (and at what critical
twist angle) the continuum many body Dirac approxi-
mation breaks down as the twist angle decreases since
we know definitively that at large twist angles (i.e. in
usual MLGs and BLGs) such a Dirac description is often
adequate46–48.
We consider two specific examples where the experi-
mental data are available from multiple groups to carry
out our theoretical work. We compare the leading or-
der Dirac prescription based continuum many body the-
ories with the experimental data to reach some qualita-
tive conclusions. The two examples we choose pertain
respectively to the roles of electron-phonon interaction
and electron-electron interaction in affecting the elec-
tronic properties. Of course, we cannot rule out other
effects in each case, but our motivation comes from the
fact that in each case, the corresponding MLG exper-
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2imental results can be well-understood by considering
only electron-phonon and electron-electron interactions
respectively in each case.
The electron-phonon interaction part applies to the re-
cently predicted36 and observed4–6 linear-in-T resistivity
in tBLG with large values of both the absolute resistivity
and the temperature coefficient of resistivity. The basic
idea propounded in Ref. 36 is that the effective electron-
phonon coupling determining the finite-temperature elec-
trical resistivity increases inversely proportional to the
square of the Fermi velocity in Dirac-like materials, and
since the tBLG Fermi velocity is very strongly suppressed
with decreasing twist angle, the phonon-induced elec-
trical resistivity (and the associated temperature coef-
ficient) would increase strongly in tBLG with decreas-
ing twist angle. The velocity suppression effect could be
quantitatively large as a factor of 50 decrease in the Fermi
velocity would correspond to a factor of 2500 increase in
the resistivity and the temperature coefficient. Indeed,
the temperature coefficient of resistivity in low twist an-
gle tBLG at higher temperatures, where the resistivity
is linear in T , is found to be ∼ 100 Ω/K5,36 whereas the
corresponding MLG value is typically 0.1 Ω/K49,50. In
addition, the experimentally observed temperature coef-
ficient of the tBLG resistivity in the linear-in-T regime is
approximately independent of the tBLG doping density
consistent with the theoretical prediction. In the cur-
rent work, we critically investigate the crossover temper-
ature down to which the linearity in the resistivity aris-
ing from electron-phonon interaction effect should persist
and examine its relevance to new temperature depen-
dent resistivity data which have become available very
recently.6 In particular, we discuss whether such a linear-
in-T tBLG resistivity could be construed to be associated
with strange metallicity and Planckian behavior as has
recently been speculated4 in contrast to the phonon scat-
tering mechanism predicted in36 which has considerable
experimental support5.
For the electron-electron interaction part, we address a
key question of considerable importance: What is the role
of the quantum electrodynamic (QED) type ultraviolet-
divergent many-body renormalization of the graphene
Fermi velocity due to the Dirac nature of the low-energy
spectrum given that the relevant bare fine structure con-
stant (∼ 1/vF , where vF is the Fermi velocity) is large
(>10 compared with <1 in MLG) in low angle tBLG
by virtue of the moire´ flatband induced bare velocity
suppression? Naively, one expects a huge interaction-
induced increase (decrease) in the renormalized Fermi
velocity (coupling constant) at low energies which should
dominate physics near the charge neutrality point. (This
is the so-called the “running of coupling constant” phe-
nomenon well-known from the renormalization group,
RG, flow in QED.) By carefully examining the available
experimental data on the density dependent tBLG effec-
tive mass from SdH1,2,5 and capacitance9 measurements,
we comment critically on the evidence for or against the
existence of the QED-type coupling constant RG flow
in the system. We mention that such renormalization
effects have been widely reported in MLG experiments,
where the coupling constant is small, using SdH, capaci-
tance, STM, and ARPES measurements (see Ref. 51 for a
discussion of the MLG experiments on the MLG RG flow
physics). Since the bare fine structure constant is much
larger in tBLG by virtue of much smaller bare Fermi ve-
locities, one expects huge QED-type interaction effects
to manifest in tBLG at low energies (i.e. at low densities
close to the Dirac point). We discuss qualitatively and
quantitatively the evidence for or against such enhanced
interaction effects using continuum field theories.
In order to avoid any confusion or misunderstanding,
we emphasize at the outset that the Dirac model of lin-
early dispersing electron-hole bands used in our contin-
uum approach applies to tBLG only near the charge
neutrality point, and therefore, our theoretical consid-
erations apply to the low carrier density situation with
the tBLG chemical potential being below the van Hove
singularities of the moire´ miniband. We show the density
of states for tBLG continuum band structure (at a few
values of the twist angle) in Fig. 1 calculated following
Ref. 36 and 52 where the linear Dirac cone structure is
apparent at low densities. Our work applies only to this
low energy regime which restricts us to a carrier den-
sity (electrons or holes) below ∼ 1012 cm−2. The Dirac
model does not apply to tBLG above this density, and
we have nothing to say about higher doping density sit-
uations. We also show in Fig. 1(a) the calculated tBLG
Fermi velocity at the Dirac point as a function of twist
angle. This Fermi velocity, v∗F , describes the noninter-
acting low-energy Dirac-like tBLG Hamiltonian in our
continuum approximation, which is the starting point of
our work. The twist angle dependent tBLG Dirac veloc-
ity shown in Fig. 1(a) is a key parameter in our theory.
We mention that while for MLG the Dirac approxima-
tion holds up to 5× 1014 cm−2 doping density, the same
holds only up to a doping of ∼ 1012 cm−2 in tBLG.
The rest of this manuscript is organized as follows.
In Sec. II we describe the electron-phonon interaction
induced tBLG resistivity, discussing how our earlier
theory36 compares with the new transport data6 which
just became available, specifically commenting on the
crossover temperature scale down to which a linear-in-
T phonon induced resistivity behavior should hold. In
Sec. III, we discuss electron-electron interaction effects
on the renormalization of tBLG Fermi velocity, and how
this renormalization should affect the measurement of
the density-dependent tBLG effective mass. In Sec. IV,
we discuss the interplay of electron-phonon and electron-
electron interactions. We conclude in Sec. V with a sum-
mary of our main findings as well as a discussion of the
open questions and possible future directions.
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FIG. 1. (a) Velocity v∗F at the Dirac point in TBG moire´
bands as a function of twist angle θ. Details of the calculation
can be found in Ref. 36. (b), (c) and (d) Density of states
(DOS) per spin and valley as a function of total carrier density
(n). The blue dashed lines show the DOS estimated using the
Dirac cone approximation. θ is respectively 1.05◦ in (b), 1.1◦
in (c) and 1.2◦ in (d).
II. ELECTRON-PHONON INTERACTION
We consider electron-acoustic phonon interaction
within the deformation potential approximation with
the longitudinal acoustic phonons of graphene interact-
ing with the tBLG Dirac electrons in the moire´ mini-
band. Assuming the phonons to be unaffected by the
tBLG structure (i.e., taking the tBLG phonons to be
the same as the MLG phonons), we can write, follow-
ing Refs. 36, 49, and 53, the phonon-scattering induced
intrinsic carrier resistivity ρ to be given, within the Boltz-
mann transport theory, by:
ρ(T, n, θ) =
32F (θ)D2kF
(gsgvgl)e2ρmv∗2F vph
I(T/TBG) (1)
where
I(z) =
1
z
∫ 1
0
dxx4
√
1− x2 e
x/z
(ex/z − 1)2 (2)
We use Eq. (1) as it is without derivation, following our
earlier work36 where the details leading to Eq. (1) can be
found.
In Eq. (1), D, ρm, and vph define the phonon model,
being respectively the electron-phonon deformation po-
tential coupling constant, the atomic mass density, and
the phonon (i.e., sound) velocity. Carriers in tBLG are
characterized by e, kF , gs,v,l, and v
∗
F , which are respec-
tively the electron charge, the Fermi wave number, the
tBLG degeneracy factor (with gs, gv, gl being each equal
to 2 in the absence of any symmetry breaking) arising
from spin (gs), valley (gv) and layer (gl) quantum num-
ber, and the effective twist angle dependent tBLG Dirac
velocity. The Fermi wave number kF depends on carrier
density n through the formula:
kF =
√
4pin/(gsgvgl). (3)
1.0° 1.2° 1.4° 1.6° 1.8° 2.0°0.50
0.52
0.54
0.56
0.58
θ
F
(θ)
FIG. 2. Form factor F (θ) as a function of the twist angle θ.
An important physical quantity for our consideration
in Eq. (1) is TBG, the Bloch-Gru¨neisen temperature de-
fined by:
kBTBG = 2~vphkF , (4)
where kB is the Boltzmann constant. Note that TBG
basically defines the energy of an acoustic phonon with
a wave number q = 2kF . Finally, the function F (θ)
in Eq.(1) is a form factor of order unity, which arises
from the detailed tBLG moire´ wave function and ac-
counts for the modification of the tBLG electron-phonon
interaction matrix element compared with the MLG sit-
uation. Since F (θ) ∼ 1 for tBLG according to detailed
calculations36,54, we neglect F (θ) from qualitative discus-
sions in the following but keep it in the actual quantita-
tive estimation of resistivity. We show in Fig. 2 the calcu-
lated tBLG electron-phonon form factor F (θ) as a func-
tion of θ using the tBLG moire´ band structure of Ref. 36.
We note the important point that Eqs. (1) and (2) apply
equally well to regular MLG49,53 except that F (θ) = 1,
gl = 1, and v
∗
F (θ) ≡ vF , where vF is the regular mono-
layer graphene Dirac velocity given by vF ≈ 108cm/s. In
tBLG, v∗F < vF , because of the moire´ flatband physics
being dominant at low twist angles.
As explained in Refs. 36 and 54, the key physics of
electron-phonon interaction strength in tBLG compared
with MLG or BLG is the strong moire´ flatband induced
enhancement of the effective electron-phonon coupling
due to the presence of the v∗2F term in the denomina-
tor of Eq. (1). Since v∗F (θ)/vF  1 for θ ∼ θM , where
θM is the largest magic angle for vanishing Dirac velocity
(i.e., v∗F (θM ) = 0), the phonon-induced tBLG resistivity
can be order of magnitude larger than the corresponding
MLG resistivity for small twist angle:
ρtBLG(T, n, θ) ≈
( vF
v∗F (θ)
)2
ρMLG  ρMLG. (5)
The above physics has already been emphasized in
Refs. 36 and 54 and is consistent with experimental
findings4–6. In fact, good quantitative agreement be-
tween theory and experiment can be achieved through
adjusting the phonon parameter D/vph by a factor of 2
or so compared with its MLG value, as already discussed
in Refs. 5 and 36. Since D is never precisely known, and
4both D and vph are likely to be quantitatively modified in
tBLG (e.g, by lattice relaxation), the quantitative agree-
ment between theoretical and experimental ρ(T ) is quite
reasonable.
The current work focuses on the qualitative temper-
ature dependence, i.e., the power law dependence of
ρ(T, n, θ) on T for different n and θ. We also connect
our theory with newly available ρ(T ) data in Ref. 6. Ex-
panding the integral in Eq. (2), it is easy to see that
I(z) ∼ z4, for z  1,
I(z) ∼ z, for z  1, (6)
and hence, we get:
ρ(T ) ∼ T 4, for T  TBG,
ρ(T ) ∼ T, for T  TBG.
(7)
Note that the above low-T (ρ ∼ T 4) and high-T (ρ ∼ T )
[Eqs. (6) and (7)] regimes are known as the Bloch-
Gru¨neisen (BG) and the equipartition regime, respec-
tively, where the phonon scattering induced resistivity
is negligible and dominant, respectively. In 3D metals,
the T 4-BG law appropriate for 2D systems is replaced by
the T 5-BG law, and the characteristic temperature scale
is the Debye temperature TD. The relevant phonon tem-
perature scale is actually TD or TBG, whichever is lower
as shown and discussed in depth in Refs. 49, 53, 55, and
56. In low-density electronic materials, the character-
istic phonon temperature is kBTBG = 2~vphkF since
TBG < TD when the carrier density is low. In 3D metals,
by contrast, TD < TBG, and hence TD is the relevant
temperature scale. Graphene Debye temperature plays
no role in the physics of our interest since we are explic-
itly in the TBG < TD regime.
Expansion of the integral in Eq. (2) as well as a direct
numerical evaluation [see, e.g., Figs. 4(c) and 4(d) in
Ref. 36] shows that the actual crossover temperature TL,
controlling the crossover from the linear-in-T law for T >
TL to the T
4-law for T < TL, happens in tBLG for:
TL ≈ TBG/8 = ~vphkF /4 ≈ 5
√
n˜K, (8)
where n˜ is the carrier density n expressed in units of
1012cm−2. In Ref. 36, we estimated TL by TBG/4 in the
text, but numerical results presented in Fig. 4 of that
paper shows that TBG/8 is a better estimation for TL. In
this context, it is appropriate to mention that kF (∝
√
n)
in tBLG is lower than the corresponding kF in MLG for
the same carrier density by a factor of
√
2 (and hence so is
TBG) because of the additional layer degeneracy gl = 2
in tBLG. To obtain the numerical estimate in Eq. (8)
above, we use the MLG value for vph = 2× 106 cm/s.
Before discussing a comparison between the experi-
mental and theoretical TL values, we first mention two
essential restrictions on the applicability of our theory
to tBLG: (i) the theory is valid only for θ > θc, where
v∗F (θc) = vph, i.e., the theory applies only when v
∗
F > vph;
(ii) the theory is valid only for n < nc, where nc is the
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carrier density up to which the Dirac cone approximation
remains valid in tBLG (actually, the more precise state-
ment is that the theory is restricted for EF (n) < Ec,
defining n < nc, where Ec is the tBLG band energy up
to which the linear Dirac cone approximation applies).
For θ < θc, intraband scattering by acoustic phonons,
which is the only scattering process included in the cur-
rent theory, vanishes. For n > nc, the chemical potential
is above the tBLG Dirac cone regime, where our theory
does not apply. Comparing with the tBLG continuum
band structure and the standard graphene sound veloc-
ity, we find θc ≈ 1.08◦, nc ≈ 1012 cm−2, and we can only
compare with experimental data in the θ > 1.08◦ and
n < 1012 cm−2 regime. The high density (i.e., n > 1012
cm−2) and the low twist angle (i.e., θ < 1.08◦) regimes
are not accessible to the current theory. But the theory
should be reasonablly accurate in the n < 1012 cm−2 and
θ > 1.08◦ regime, both qualitatively and quantitatively.
We note that the exact value of θc depends on details
of the Bistritzer-MacDonald model52 as well as phonon
velocity, and therefore, is not precisely determined. Nev-
ertheless, we expect θc to be close to the magic angle θM ,
which is experimentally found to be around 1◦ − 1.1◦.
First, we summarize the comparison between our the-
ory and the findings in Ref. 4 and 5, which were already
discussed in Ref. 36, but some new details are mentioned
below:
(1) In both sets of data4,5, where a clear linear-in-T re-
sistivity is seen at lower densities (< 1012 cm−2), where
the theory applies, the theory describes the data very
well, perhaps even quantitatively if the phonon parame-
ter D/vph is adjusted upward by a factor of 2.
(2) In both sets of data4,5, the resistivity is strongly
nonlinear at higher densities and lower temperatures,
showing that TL(n) indeed increases with increasing n
consistent with the expected TBG ∝
√
n behavior.
(3) The theory does a poor job of explaining the data
quantitatively for n > 1012 cm−2, most likely because
of the failure of the Dirac cone approximation at higher
densities.
(4) At lower temperature, typically for T < 10 K, as
well as for the T = 0 extrapolation from higher temper-
ature resistivity, our theory also does a poor job, partly
5because of other more dominant (than phonon scatter-
ings) contributions to the low-T resistivity, e.g., impurity
scattering57 and perhaps also because of fluctuation ef-
fects arising from the incipient tBLG superconductivity,
which becomes increasingly important at lower tempera-
tures (<5 K) for certain carrier densities.
(5) The most important discrepancy between the MIT
data4 and our theory is for their sample MA4 (Fig. 2a in
Ref. 4), where the T -linear resistivity for n = 1.19× 1012
cm−2 and θ = 1.16◦ persists down to T ∼ 0.5K just be-
fore the system goes superconducting. For n = 1.19 ×
1012 cm−2, our theory gives TL ≈ 5 K, which is an order
of magnitude larger than the experimental T ∼ 0.5K. In
contrast to the very low value of experimental TL com-
pared with theory, the measured temperature coefficient
dρ/dT ∼ 75Ω/K in this sample is in reasonable agree-
ment with our calculated dρ/dT ∼ 60Ω/K for θ = 1.16◦.
Of course, n = 1.19× 1012 cm−2 is above the maximum
density nc < 10
12 cm−2 up to which the Dirac cone ap-
proximation (and consequently, our theory) applies, so
the persistence of T -linearity down to very low temper-
ature may arise from effects beyond our model. In the
same figure (Fig. 2a) of Ref. 4, the authors also show
data for their sample MA3 at n = 1.46×1012 cm−2 where
the linear-in-T behavior persists to ∼ 6K, which agrees
with our theoretical TL ∼ 6K, and therefore, the exper-
imental situation itself is highly nonuniversal, with the
experimental TL values being strongly sample dependent
(varying by an order of magnitude), which no universal
theory can possibly explain using one resistive mecha-
nism. The persistence of T -linear behavior down to very
low temperature is even more pronounced in the very re-
cent data of Ref. 6, where only four line plots are provided
for T -linear resistivity at n = (0.55, 0.76, 1.11, 1.73)×1012
cm−2. The corresponding TL values according to our the-
ory are respectively, TL = 3.7K, 4.4 K, 5.3 K and 6.6 K.
Experimental T -linear resistivity for these four densities
persist respectively to temperatures 0.5 K, 0.5 K, 4 K and
6 K. Here, rather unexpectedly, our theory agrees with
the regime of T−linear behavior for the two higher den-
sity (1.11×1012 cm−2, 1.73×1012 cm−2) sample, but not
with the two lower density (0.55×1012 cm−2, 0.76×1012
cm−2) samples, although the theory is supposed to ap-
ply better to the lower density situation by virtue of the
applicability of the Dirac approximation near charge neu-
trality. In fact, the discrepancy between theoretical and
experimental TL is again a factor of 10 similar to the MIT
MA4 sample at high density4, and similar to the MIT
situation, the experimental temperature dependence is
nonuniversal with the linearity persisting to 5K in one
case and 0.5 K in another for two very similar densities
in two different samples. In Fig. 3 we show the calculated
ρ(T ) and TL, where the discrepancy in TL for the low-
density case compared with the data in Ref. 6 is apparent.
The persistence of a T -linear resistivity down to low tem-
peratures in the low-density samples of Ref. 6 is a puzzle
for the theory. The discrepancy between experimental
and theoretical TL values in some situations has led the
authors of Ref. 4 to call the T -linear resistivity in tBLG
as “strange metallicity”. We disagree with this charac-
terization as the phonon scattering mechanism does pro-
vide an excellent overall description of tBLG ρ(T ) for
T > 5K, explaining the overall magnitude of ρ(T ) and
its roughly density independent large (∼ 100Ω/K) value
for dρ/dT . The simple idea of phonon scattering effect
being enhanced by the very large factor (∼ 103 − 104) of
(vF /v
∗
F (θ))
2 in tBLG compared with MLG also provides
a natural explanation for why ρ(T ) and dρ/dT are so
much (by orders of magnitude) larger in tBLG4–6 than
in MLG50. The fact that two MIT sample with similar
densities (MA3 with n = 1.46×1012 cm−2 and MA4 with
n = 1.19 × 1012 cm−2) have very different experimental
TL values (6K and 0.5 K, respectively) is a hint that the
T -linear behavior in sample MA4 of Ref. 4 down to very
low TL may not be a universal phenomenon. A similar
experimental discrepancy also applies to Ref. 6 where two
samples manifest TL differing by an order of magnitude.
One possibility is that the existence of tBLG van Hove
singularities (VHS) for n > 1012 cm−2 is drastically sup-
pressing the effective value of kF in sample MA4 of Ref. 4,
thus reducing TL(∝ kF ). In fact, the VHS is known to
lead to a Lifshitz transition in the Fermi surface, pro-
viding an effective Fermi wave number corresponding to
a much lower carrier density neff ≈ n − nV HS , where
nV HS is the carrier density corresponding to the Fermi
level being at the VHS. Experiments4–6 already show the
presence of such small tBLG Fermi pocket for n > nV HS .
The Fermi wave number kF,eff corresponding to neff is
much smaller than that corresponding to the full density
n:
kF,eff = kF
√
neff/n = kF
√
(n− nV HS)/n. (9)
Given that TL ∝ TBG ∝ √neff , TL could easily be sup-
pressed strongly if neff  n. More experimental and
theoretical work would be necessary to validate this line
of reasoning, but we do believe that a a strong suppres-
sion of TL is possible for n > nV HS because the effective
Fermi wave number now correspond to a much smaller
carrier density measured with respect to the VHS points
because of the Lifshitz transition.
We note, however, that this van Hove singularity
induced Lifshitz transition argument for the suppres-
sion of experimental TL works only at higher density
(> 1012cm−2) when the Fermi level is at or above the
VHS points. The experimental finding in Ref. 6 of very
low TL for n ≈ 0.6 × 1012 cm−2 is unlikely to be expli-
cable based on an effective lower carrier density arising
from the VHS induced Lifshitz transition, although it is
not absolutely impossible. A possible explanation for the
low-density discrepancy between theoretical and experi-
mental TL in Ref. 6 could be the fact that the sample
of Ref. 6 are kown to manifest a small energy gap at
the charge neutrality point, and hence do not represent
a system of massless Dirac fermions at low densities. In
fact, close to the charge neutrality point, the system is
massive by virtue of the energy gap at the Dirac point.
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An accurate knowledge of the low-density band structure
now becomes crucial for estimating the phonon induced
resistivity, and this effect will be the strongest at the
lowest density closest to the Dirac point . This might ex-
plain why the samples of Ref. 6 manifest TL values which
disagree with the theory at lower carrier densities while
agreeing at higher densities.
We show in Fig. 4 the calculated Fermi velocity in a
gapped Dirac model as a function of the energy gap at
charge neutrality, and we can see that the effective Fermi
velocity is strongly suppressed by the energy gap, partic-
ularly at lower carrier density (in fact v∗F → 0 as n→ 0).
This enhances the effective electron-phonon coupling in
these samples considerably (since the coupling goes as
1/v∗2F ) at lower density. Whether the existence of the
charge neutrality gap leads to a strong suppressed TL in
sample of Ref. 6 at lower density remains an important
open question for the future.
III. ELECTRON-ELECTRON INTERACTION
It is well accepted that the massless Dirac fermions
in ordinary monolayer graphene manifest the QED-type
running of the coupling constant associated with the
renormalization group (RG) flow arising from the ultravi-
olet divergence inherent in the Coulomb coupling of Dirac
fermions. The leading-order correction to the effective
Fermi velocity arising from electron-electron interactions
is easily calculated within the 1-loop approximation to
be :
v∗F (E) = v
∗
F (Ec)[1 +
αc
4
ln(Ec/E)], (10)
where v∗F (E) is the velocity at the energy scale E con-
necting with the “bare” velocity v∗F (Ec) at high energy
scale Ec > E. Connecting the whole equation for veloc-
ity renormalization to carrier density (using the fact that
for Dirac electrons EF ∝ kF ∝
√
n) we get:
v˜∗F,1/v˜
∗
F,2 = 1 +
α2
8
ln(n2/n1), (11)
where v˜∗F,i are the interaction-renormalized Fermi ve-
locity at carrier densities ni with n2 > n1, and α2 =
e2/(κ~v˜∗F,2) is the interaction coupling at density n2.
Here κ is the applicable background dielectric constant
of tBLG with the relevant substrates. We assume with
no loss of generality that v˜∗F,2 is taken at a sufficiently
high carrier density so that it is the twist-angle depen-
dent bare band value:
v˜∗F,2 ≡ v∗F . (12)
In practical terms, it should suffice to take n2 = 10
12
cm−2 where the tBLG band structure at low twist angles
starts deviating from linearity making the Dirac cone ap-
proximation inaccurate. We note that the characteristic
density for the breakdown of the Driac approximation in
MLG is very high ∼ 5× 1014 cm−2.
The tBLG band Dirac velocity v∗F (see Fig. 1(a)) de-
pends on the twist angle θ and can be empirically ap-
proximated by
v∗F (θ) ≈ 0.5|θ − θM |vF , (13)
where both θ and θM are expressed in degrees, θM ≈
1.02◦ from our calculation and vF = 108 cm/s is the
MLG bare Fermi velocity. Equation (13) holds for
θ < 3◦, and for θ > 3◦, v∗F ≈ vF for our pur-
pose. Using an effective background dielectric constant
κ = 5, which is approximately appropriate for hBN en-
capsulated graphene systems, we get αMLG ≈ 0.5 and
αtBLG = α2 ≈ 0.5vF /v∗F (θ) ≈ 1.0/|θ − θM |. Thus, for
θ = 1.1◦, 1.2◦, 1.3◦, 2◦, we have αtBLG = 12, 5.5, 3.6, 1 re-
spectively. Thus, for small twist angles, the tBLG bare
coupling (∼ 1) is substantially enhanced compared with
MLG bare coupling by virtue of the strong suppression of
tBLG fermi velocity due to the moire´ flatband situation
arising for small twist angles.
The large bare coupling in tBLG (for θ < 2◦) should
lead to a large increase in the renormalized Fermi velocity
v˜∗F with decreasing carrier density according to the run-
ning of the coupling constant formula in Eq. (11), giving
the following n-dependent result:
v˜∗F,1(θ)/v˜
∗
F,2(θ) = 1 +
ln(n2/n1)
8|θ − θM | . (14)
Taking n2 = 10
12 cm−2, n1 = 1010 cm−2, and θ = 1.2◦,
we get v˜∗F,1/v˜
∗
F,2 ≈ 4.2. The leading order (i.e, 1-loop)
RG flow of the coupling constant, therefore, predicts a
very large many-body renormalization of the tBLG Fermi
velocity as a function of carrier density—going from near
the charge neutral point (∼ 1010 cm−2) to a moderate
density (∼ 1012 cm−2) in a density range where band
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FIG. 5. 1-loop RG velocity (solid lines) and resummed RG
velocity (dashed lines) as a function of total carrier density n.
The bare velocity is taken to be 0.015 × 106m/s (blue lines),
0.15 × 106m/s(yellow lines), and 0.3 × 106m/s (green lines).
structure calculations predict, even for a low twist angle
of θ ∼ 1.2◦, that the Dirac cone approximation remains
valid. We note that the interaction induced renormaliza-
tion of the Fermi velocity is explicitly density dependent
and is always an increasing function with decreasing den-
sity, approaching infinite velocity (i.e., zero coupling) at
the Dirac point (n = 0), albeit extremely slowly (i.e., as
lnn). Of course, eventually v∗F must saturate at some ex-
ponentially small density at the light velocity c = 3×1010
cm/s ( v∗F ), where relativistic effects become relevant,
but this extreme weak-coupling (α ≈ 1/137) limit is not
of any relevance to the physics of our interest.
To compare with the factor of≥ 4 increase in the renor-
malized tBLG Fermi velocity in going from n = 1012
cm−2 to n = 1010 cm−2 for θ = 1.2◦, we quote the
corresponding velocity ratio calculated within the 1-loop
theory for the same density variation in regular MLG
encapsulated by hBN (where vF ≈ 108 cm/s and bare
α ≈0.5): vF,1,MLG/vF,2,MLG ≈ 1.3, where vF,i,MLG cor-
responds to the effective MLG Fermi velocity for n = 1010
cm−2(i = 1) and n = 1012 cm−2(i = 2). Thus, the cou-
pling constant runs only 30% in MLG compared with a
predicted 420% running for tBLG with θ = 1.2◦ in the
same density range. (As an aside, in high energy physics,
OPAL experiments show a maximal QED coupling con-
stant flow only by ≤ 3% because of the very weak value of
bare coupling, α ≈ 1/137 in QED58.) This 30% variation
in graphene coupling constant has been experimentally
observed in MLG by a number of groups using several
different techniques (See Ref. 51 and references therein).
It is, therefore, a serious puzzle that the currently
available and very recent tBLG experiments find little
evidence for a > 400% variation in the experimentally
measured Fermi velocity as a function of carrier den-
sity. In fact, the experimentally extracted Fermi ve-
locity in low twist-angle tBLG typically finds a den-
sity independent Fermi velocity which is quite consis-
tent with the noninteracting moire´ band structure result
(for the specific twist angle) in the whole low density
regime above charge neutrality (n < 2 × 1012 cm−2),
where the Dirac cone approximation should apply. For
example, Ref. 9 finds, based on quantum capacitance
measurements, v∗F ≈ 0.116 × 108 cm/s for θ = 1.05◦
(sample M2 of Ref. 9) over the whole density range
n = 0 to 2 × 1012 cm−2. For θ = 1.05◦, we have
v∗F (θ = 1.05
◦) ≈ 0.015 × 108 cm/s from our moire´ band
structure calculation, whereas the corresponding renor-
malized Fermi velocity including electron-electron inter-
action effects according to the 1-loop RG theory would
be
v˜∗F (n = 10
11cm−2) ≈ 10v˜∗F (n = 1012cm−2)
≈ 0.15× 108cm/s. (15)
It is curious that the experiment of Ref. 9 finds a v∗F ≈
0.12 × 108 cm/s reasonably comparable to the theoreti-
cally expected renormalized Fermi velocity [Eq.(15)], a
factor of 8 larger than the bare band structure value
at the density 1011cm−2. By contrast, the fact that
a constant density-independent Fermi velocity provides
description of the data in Ref. 9 argue against the ex-
pected running of the coupling constant. One possibil-
ity, which cannot be ruled out at this stage, is that the
Dirac cone density range covered in the experiment is
1010 ∼ 2 × 1012cm−2, and the data can therefore be
reasonably explained by using the renormalized Fermi
velocity at the intermediate density of n ≈ 1011cm−2,
given the error bars in the data. The theoretical RG
flow leads to a variation in v˜∗F from the bare value of
0.015 × 108 cm/s at high density n ∼ 1012cm−2 to 20
times the bare velocity (i.e. 0.3×108 cm/s) at the lowest
density n ≈ 1010cm−2, but the noisy experimental data
are not precise enough to decisively discern the velocity
variation with carrier density. Thus, the data over the
whole density range can be fitted approximately by us-
ing v˜∗F ≈ 0.12× 108 cm/s. In Fig. 5, we show the density
dependence of the 1-loop RG velocity.
In Ref. 2, capacitance measurements on a tBLG sam-
ple (device D2 in Extended Data Figure 2 of that paper)
with θ = 1.12◦ extracts v˜∗F ≈ 0.15 × 108 cm/s in the
carrier density range between 1010cm−2 and 1012cm−2.
Here our theoretical bare band velocity v∗F ≈ 0.05× 108
cm/s is a factor of 3 smaller than the extracted exper-
imental velocity leading to an effective renormalization
factor of 3. Assuming that this renormalization can be
modeled by the mid-density n = 1011cm−2, we get a fac-
tor of 3.9 renormalization arising from the RG flow equa-
tion [Eq. (14)]. Again, the density independence of the
experimental fit to the measured effective velocity could
be attributed to the relatively large error bar in the data.
Thus, the available capacitance based tBLG velocity
measurements do not indicate a strong logarithmic run-
ning of the coupling constant with decreasing carrier den-
sity as predicted by the 1-loop perturbative RG theory.
But the extracted Fermi velocity from capacitance mea-
surements in Refs. 2 and 9 seems to be much larger than
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FIG. 6. 1-loop RG mass (solid lines) and resummed RG mass
(dashed lines) as a function of total carrier density n. The
bare velocity is taken to be 0.015×106m/s (blue lines), 0.15×
106m/s(yellow lines), and 0.3 × 106m/s (green lines).
the corresponding theoretical tBLG band velocity, thus
suggesting some hints of a velocity renormalization al-
though this is ambigous unless a clear increasing velocity
with decreasing carrier density is also observed in the ex-
periment. We emphasize, however, that the true tBLG
bare band velocity may differ from our estimates based on
the continuum Bistritzer-MacDonald model, and hence
we cannot be sure that the existing capacitance measure-
ments definitively imply any interaction-induced renor-
malization effects in spite of the 1-loop RG theory pre-
dicting a very large velocity renormalization. The most
definitive evidence in favor of the predicted running of the
coupling constant would be a direct experimental obser-
vation of the logarithmic velocity renormalization, which
seems not to have been reported yet.
The theory can also be used to compare with the exper-
imentally measured tBLG effective mass (m˜∗) through
Shubnikovde Haas (SdH) oscillation experiments in a
weak applied magnetic field. Of course, the linear Dirac
energy dispersion of graphene implies a vanishing effec-
tive mass at the Dirac point corresponding to massless
Dirac fermions, but at a finite carrier density away from
the Dirac point a graphene effective mass may be defined
using the relativistic formula:
EF = ~v∗F kF = m∗v∗2F , (16)
leading to:
m∗(kF ) = ~kF /v∗F ∝
√
n. (17)
Note that precisely the same effective mass follows also
from the Newtonian definition for momentum, i.e., p =
~kF = m∗v∗F , giving m∗ = ~kF /v∗F . The so-defined ef-
fective mass, which varies at the Dirac point as
√
n, is
directly measured from the oscillation amplitude of SdH
oscillations. We mention that, for the same value of n,
the bare tBLG effective mass would be heavier than the
MLG effective mass by the large ration of vF /(
√
2v∗F )
where the factor of
√
2 arise from the layer degeneracy
of tBLG which suppresses its effective kF by a factor of√
2 compared with MLG. Using Eq. (13) for v∗F in tBLG
we get the following formula for the bare tBLG effective
mass as a function of twist-angle θ and carrier density n:
m∗(n, θ)/m0 ≈ 0.03
√
n˜/|θ − θM |, (18)
where m0 is the electron rest mass and n˜ =
n/(1012cm−2). m∗ goes to 0 as n˜→ 0.
This tBLG bare effective mass m∗ is renormalized by
the coupling constant RG flow due to the velocity renor-
malization to a many-body effective mass m˜∗ given in
the 1-loop theory by:
m˜∗1(n1, θ) =
√
n1
n2
m˜∗2(n2, θ)[1 +
α2
8
ln
(n2
n1
)
]−1, (19)
where m˜∗1 and m˜
∗
2 are the renormalized effective mass re-
spectively at density n1 and n2 (both for the same system
with the twist angle θ). Taking into account the depen-
dence of the bare effective mass already on the density,
and taking n2 ≈ 1012cm−2 where the Dirac cone approx-
imation ceases to apply (see Fig. 6), we get:
m˜∗1/m0 ≈ 0.03
√
n1
n2
[
|θ − θM |+ 1
8
ln
(n2
n1
)]−1
, (20)
where n2 is taken to be 10
12cm−2 and 0 < n1 ≤ n2 so
that the Dirac approximation applies.
We can compare the 1-loop effective mass theory to the
experimental measurements of the SdH effective mass in
Refs. 1, 2, and 5. First, we note that the
√
n dependence
of the bare effective mass is suppressed at lower densities
in the renormalized effective mass for n < 1012cm−2. In
fact, as n→ 0, m˜∗(n) ∼ √n/ ln(n2/n)→ 0, which varies
faster than
√
n and includes a non-analytic ln(1/x) func-
tion due to the logarithmic RG flow of the Dirac sys-
tem. Thus, although the renormalized tBLG effective
mass m˜∗(n) at high density (n ≥ 1012cm−2) is still given
by the bare band mass (since we assume the RG flow
to stop at n ≈ 1012cm−2 where the Dirac model stops
being valid), the low-density effective mass near charge
neutrality (n < 1012cm−2) should be much smaller than
the corresponding bare band mass (∼ √n) at that den-
sity. Another way of saying this is that a direct ef-
fect of many-body renormalization is that the ratio of
the effective mass at a low density n1 compared with
that at a high density n2(≥ 1012cm−2) should be much
smaller than that implied by the simple band struc-
ture ratio of m˜∗1/m˜
∗
2 =
√
n1/n2 because of the addi-
tional logarithmic RG flow of the coupling constant [i.e.,
m˜∗1/m˜
∗
2 =
√
n1/n2/(1 + (α2/8) ln(n2/n1))]. The upper
density cutoff for the RG flow should be set by the ex-
perimental van Hove singularity and is thus, dependent
on θ, but typically the cutoff density for the RG flow is
∼ 1012cm−2) for small values of θ(> θM ) of interest in
tBLG experiments.
9In Ref. 2, the measured SdH effective mass varies from
∼ 0.1− 0.2m0 at n = 1011 cm−2 to ∼ 0.4m0 at n = 1012
cm−2 with a rather large error bar. Here m0 is the elec-
tron rest mass. Thus, the ratio of the effective mass at
these two densities varies by a factor of 2-4 (with large
error bars), which is comparable to that predicted by
the noninteracting
√
n density dependence without the
predicted logarithmic coupling constant running effect.
Similarly, in Ref. 1, the measured effective mass in sam-
ple D2 with θ = 1.1◦ manifests the noninteracting
√
n
density dependence (with very large error bars) with an
extracted v∗F = 6×106 cm/s which is approximately con-
sistent again with the bare band velocity with this twist
angle, thus indicating (within large error bars) an absence
of any substantial density-dependent velocity renormal-
ization as predicted by the 1-loop RG theory.
Ref. 5 obtains the SdH effective mass for a tBLG
sample with θ ≈ 1.59◦, finding that the noninteract-
ing result m∗ ∝ √n is approximately obeyed in the
1011 − 1012cm−2 range of carrier density (within error
bars). This is crudely consistent with theory since for
θ ≈ 1.59◦, the bare tBLG Fermi velocity v∗F is about
0.3vF , leading to only a factor of 3 enhancement of the
effective bare coupling constant αtBLG ≈ 3αMLG ≈ 1.5
so that the logarithmic RG renormalization factor is only
(1+(1.5/8) ln(n2/n1)) ≈ 1.4, and hence, we expect mini-
mal velocity renormalization in the 1011−1012cm−2 den-
sity range for the large-angle sample. For the θ ≈ 1.24◦
sample, the logarithmic RG factor in the 4 × 1011 −
1012cm−2 density range is only ∼ 1.5 because of the
rather narrow density range of the measurement. Hence,
within error bars, which are typically large for SdH mea-
surements of effective mass, we do expect the bare tBLG
Fermi velocity and the
√
n dependence to describe the
data of Ref. 5. Lower density experimental measurement
(for n < 1011cm−2) should allow a more decisive quanti-
tative comparison between theory and experiment. Ob-
viously, the effective mass measurements of Ref. 5 are
actually more consistent with the velocity renormaliza-
tion being negligibly small in contradiction with the 40%
velocity renormalization predicted by the 1-loop theory.
Because of the large error bars in these effective mass
measurements as well as the absence of accurate data at
low densities close to the Dirac point (n < 1011 cm−2)
where the mass renormalization is the strongest, much
more data would be necessary for a definitive conclu-
sion. But, it seems pretty clear that the 1-loop RG
theory predicts much stronger tBLG mass renormal-
ization than has been reported in the existing (admit-
tedly limited) experimental data. If the experimental
data are available for v∗F and m
∗ in the density range
of 1010cm−2 − 1012cm−2, where the renormalized tBLG
Fermi velocity should change, according to the 1-loop RG
theory, by a factor of ∼ 800% in a sample with θ ≈ 1.2◦
(so that the bare v∗F is only 10% of the MLG Fermi ve-
locity), the situation would be more convincing, partic-
ularly since the corresponding renormalization for hBN
encapsulated MLG over the same factor of 100 change in
carrier density would only be a paltry ∼ 11%.
The apparent inconsistency between the existing
experiments and the 1-loop RG prediction of a
large density-dependent tBLG velocity renormalization
(100% compared with the band structure prediction)
brings up the important question regarding the appli-
cability of the 1-loop RG flow equation to tBLG be-
cause of the large effective bare tBLG coupling constant
αtBLG of small twist angles. Since αtBLG/αMLG =
vF,MLG/vF,tBLG = 2/(θ − θM ) with θ measured in de-
grees, αtBLG  αMLG for small θ ≥ θM . For example,
for θ = 1.1◦(1.2◦), αtBLG ≈ 12(5.5). A natural ques-
tion now is whether a 1-loop perturbative RG analysis
is meaningful in a situation with a bare interaction cou-
pling αtBLG > 1. Of course, the standard argument is
that the RG flow goes toward weak coupling as the renor-
malized Fermi velocity increases with decreasing density
(i.e., energy) starting at the high density (i.e., from above
the Dirac cone energy, which is the natural ultraviolet
cutoff in the theory). Thus, the weak-coupling RG flow
becomes increasingly a more valid approximation as the
density decreases. On the other hand, for example, tak-
ing θ = 1.1◦, where the bare coupling αtBLG ≈ 12, de-
creasing carrier density by a decade (e.g., going from 1012
cm−2 to 1011 cm−2), the decrease in α is only by a fac-
tor of ∼ 4.5, so the coupling is still pretty large ∼ 3.
Since this is essentially the currently available experi-
mental density scale, the applicability of the 1-loop per-
turbative RG becomes dubious. (The situation improves
somewhat considerably if the experimental tBLG mea-
surements of Fermi velocity and/or effective mass could
be pushed down in density to 1010cm−2 since even for
θ ≈ 1.1◦, the renormalized effective coupling in the 1-
loop theory decreases to 1.5 which is still larger than
unity.) So the whole comparison between tBLG theory
and experiment based on the 1-loop RG theory should
be taken with a large grain of salt. A 1-loop perturba-
tive RG theory should not apply to a situation where the
bare coupling is larger than unity– after all, the great
success of QED is based entirely on the accidental fact
of the vacuum fine structure constant being very small
(∼ 1/137). So, the disagreement between the 1-loop RG
theory and tBLG measurements is simply emphasizing
the inapplicability of the 1-loop theory to tBLG with its
very low bare Fermi velocity.
Actually, the issue of the large bare coupling (i.e.,
α > 1) arises already for ordinary free-standing MLG in
vacuum without any substrate, where αvac = e
2/(~vF ) ≈
2.2. Even the very extensively studied graphene on SiO2
substrate has a relatively large bare coupling of αSiO2 ≈
0.8 compared with the QED fine structure constant
α ≈ 1/137. Therefore, the applicability of the 1-loop
RG theory for MLG is also questionable, and has been
questioned in the context of graphene experiments51,59.
A rather extensive analysis51 shows that the field theory
underlying graphene is renormalizable, i.e., only a finite
number of logarithmic divergences arise in the theory,
but the perturbative expansion in α is asymptotic only
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perhaps to the first term (or even less). In fact, a literal
QED type perturbative expansion up to O(α2) implies a
strong coupling fixed point at αc ≈ 0.7, where the Fermi
velocity in fact flows to zero, implying infinite coupling.
Experiments in MLG, by contrast, agree reasonably well
with the 1-loop RG theory, and therefore, the 2-loop per-
turbative strong coupling fixed point (already for α < 1)
is most likely an artifact of the perturbation theory which
fails even more strongly at the second order than the first
order. This is consistent with the analysis showing that
for α ∼ αc(≈ 0.7), the perturbative expansion is asymp-
totic only up to O(α) and starts diverging beyond that.
Obviously, this problem is far worse for tBLG with small
twist angles where αtBLG ∼ 10, and therefore the per-
turbation expansion is not convergent at all.
An alternative approach is to use the 2-loop results of
Ref. 51 and do an approximate Borel-Pade´ resummation
where the explicit 2-loop results show up as the first two
terms (i.e., up to O(α2)) of the resummed RG flow equa-
tion. The idea is that the final result to all orders in
α including non-perturbative effects (e.g., instantons) is
finite, and therefore, a Borel-Pade´ resummation of the
perturbative expansion is a more accurate description of
the underlying theory than the term by term asymptotic
perturbative series itself60,61.
Such a Borel-Pade´ resummed renormalization of the
graphene perturbative expansion gives the following non-
perturbative RG flow equation:
v˜∗F (E) = v˜
∗
F (Ec)
[
1 +
α
4
{
1 +
(8
3
− 2 ln 2
)
α
}−1
ln
Ec
E
]
,
(21)
where v˜∗F (E) is the renormalized Fermi velocity at energy
E < Ec and v˜
∗
F (Ec) is the bare velocity at the ultraviolet
cutoff energy scale Ec with α being the bare coupling,
i.e., α ≡ α(Ec). Note that this resummed RG flow keeps
v∗F (E) finite for all α, and it reproduces the known 1-loop
and 2-loop results up to O(α2). In fact, it agrees with the
3-loop results up to O(α3) pretty well also. One can think
of Eq. (21) to be the appropriate RG flow equation in
the strong-coupling situation which does not suffer from
the artifacts of the loop expansion result in powers of
coupling.
Connecting energy to carrier density through the usual
substitution of:
E → EF ∝
√
n (22)
we get (see Fig. 5):
v˜∗F (n) = v˜
∗
F (nc)
[
1 +
(α/8) ln(nc/n)
1 +
(
8
3 − 2 ln 2
)
α
]
, (23)
where v˜∗F (n) and v˜
∗
F (nc) are respectively the renormal-
ized Fermi velocity at density n(< nc) and the bare
band Fermi velocity at the highest density nc up to
which the linear Dirac cone approximation holds with
α = e2/(κ~v∗F ) and v∗F = 0.5vF (θ− θM ) being the twist-
angle-dependent tBLG band Fermi velocity. Once v˜∗F (n)
is known, the renormalized effective mass m˜∗ is defined
in the usual way for graphene: m˜∗ = ~kF /v˜∗F . Compar-
ing the resummed RG flow theory to the same sets of
experimental results in Ref. 1, 2, 5, and 9, we conclude
as follows.
(i) For the θ ≈ 1.05◦ sample in Ref. 9, the resummed
thory gives at n = 1011cm−2 a renormalized Fermi ve-
locity v˜∗F ≈ 1.25v∗F . Thus, the tBLG Fermi velocity ac-
cording to the resummed formula is renormalized only
by about 25% in going from n = 1012 cm−2 to n = 1011
cm−2, perhaps explaining why Ref. 9 obtains reasonable
agreement between theory and experiment using the bare
tBLG Fermi velocity over the whole 1011 − 1012 cm−2
density range, since a 25% variation in the Fermi veloc-
ity is well within the error bar of the experimental mea-
surements. We note that, by contrast, the correspond-
ing 1-loop formula predicts a factor of ∼ 10 increase in
the renormalized Fermi velocity in decreasing the density
from 1012 cm−2 to 1011 cm−2. Since the experiment of
Ref. 9 can be well fitted by a single Fermi velocity in the
whole density range, it is clear that the resummed non-
perturbative theory is in much better qualitative agree-
ment with the experimental data than the 1-loop theory
which predicts an order of magnitude variation in the
tBLG velocity over the 1011 − 1012 cm−2 density range.
(ii) In Ref. 2, the experimentally extracted Fermi ve-
locity v˜∗F ≈ 0.15× 108cm/s appear to fit the capacitance
data (within large error bars) over a 1011 − 1012 cm−2
density range for a sample with θ = 1.12◦. The re-
summed theory predicts v˜∗F (n = 10
11cm−2) ≈ 1.21v∗F ,
where v∗F ≈ 0.05× 108 cm/s is our calculated bare tBLG
band velocity for θ = 1.12◦. Thus, the variation in the
renormalized velocity is only 20% over the 1011 − 1012
cm−2 density range according to the resummed theory.
By contrast, the 1-loop theory predicts a large change
of the velocity by a factor of 4. Again, the experimen-
tal data are qualitatively much more consistent with the
resummed theory than the 1-loop theory.
(iii) Finally, we consider the SdH measurements in
Refs. 1, 2, and 5, where the experimentally extracted ef-
fective mass seems to agree with the simple noninteract-
ing prediction of a
√
n dependence without any obvious
signatures (within error bars) of a strong logarithmic de-
viation from the
√
n density dependence of m˜∗(n). This
is qualitatively consistent with the resummed nonper-
turbative formula in the sense that the resummed the-
ory predicts a much weaker logarithmic renomalization
(≤ 25%) than the 1-loop theory (> 100%) for small twist
angles θ < 1.5◦. On the other hand, the experimentally
extracted Fermi velocities themselves appear to be much
larger than our calculated bare band velocities obtained
from the Bistritzer-MacDonald model. Whether this is
due to the band theory being inaccurate or the actual
twist angle being larger than the quoted twist angle is
unclear at this stage.
Clearly, much more density-dependent experimental
measurements for n < 1012cm−2 of effective velocity and
effective mass for tBLG sample with low twist angles
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(θ < 1.3◦) are necessary before any decisive conclusion
regarding the relevance of the coupling constant RG flow
associated with the Dirac cone renormalization can be
reached. At this point, with the availability of rather
limited data in the low density (< 1012 cm−2) regime,
we have only a tentative conclusion as discussed in depth
in this section: The relative density independence of the
experimentally extracted Fermi velocity and the approxi-
mate
√
n dependence of the extracted effective mass indi-
cate that tBLG renormalization is more consistent with
the nonperturbative resummation theory which predicts
rather modest (< 25%) tBLG coupling constant renor-
malization in the 1011 − 1012 cm−2 carrier density range
even for θ as small as 1.1◦ where the bare coupling is
large (∼ 10). By comparison,the 1-loop RG theory (valid
technically for α  1) predicts a > 100% variation in
the renormalized coupling, which is not experimentally
observed.
We note that our finding regarding the applicability of
the resummed RG theory (i.e. Eq. (23)) rather than the
1-loop RG theory (i.e. Eq. (11)) to tBLG experiments
is sufficiently important that we hope that experimen-
tal tBLG measurements of Fermi velocity and effective
mass will be extended to much lower carrier density (1010
cm−2 or lower) with better quality data (i.e. lower error
bars) so as to validate (or invalidate) this tentative con-
clusion. In particular, tBLG experiments at low carrier
density should search for the logarithmic density depen-
dence so that the basic idea of the running of the coupling
constant can be validated for a strong-coupling system.
The current tBLG experimental measurements do not
see any obvious signature of a logarithmic variation, but
this could simply be because of large error bars in the
measurements. If it is definitively established that the
measured low density tBLG velocity is basically the bare
band velocity with no density dependence, then one must
conclude that the continuum Dirac description does not
apply to tBLG at any energy (or carrier density), and
the system must be described by a moire´ lattice theory
at all scales (in contrast to MLG or BLG where the con-
tinuum description is very successful over a wide range
of doping density). In this context it might be useful to
tune the electron-electron interaction in tBLG by putting
the metal gates rather close to each other where screen-
ing by the gates would strongly modify the interaction
from the 1/r Coulomb interaction to a much weaker in-
teraction (e.g. 1/r3) leading to substantial modifications
in the many body renormalization corrections. Thus, in
addition to the doping density, the distance of the gates
from the tBLG layers could be used as additional tools
to tune interaction effects.
IV. INTERPLAY OF ELECTRON-PHONON
AND ELECTRON-ELECTRON INTERACTIONS
Given that both electron-phonon and electron-electron
interactions are strongly enhanced in tBLG at small twist
angles by virtue of the strong suppression of the tBLG
Fermi velocity, an interesting (and potentially important)
question arises about their interplay: Do they just act
independently of each other or is there an interplay lead-
ing to new physics? A detailed answer to this question is
rather difficult and way outside the scope of this paper,
but it is possible to make some comments, restricting the
discussion of this interplay to the electronic properties be-
ing studied in this work, namely, the T -dependent resis-
tivity (Sec. II) arising from electron-phonon interaction
and the logarithmic Fermi velocity (and effective mass)
renormalization (Sec. III) arising from electron-electron
interaction. There are other effects where electron-
electron and electron-phonon interactions produce inter-
esting mode coupling effects, e.g. plasmon-phonon cou-
pling affecting finite frequency properties62,63, which are
beyond the scope of the current work.
For the acoustic phonon scattering induced electronic
resistivity discussed in Sec. II, one possible correction
arising from electron-electron interaction could, in prin-
ciple, be the screening of the electron-phonon coupling
by the free carriers themselves. This issue has been dis-
cussed in depth with respect to regular monolayer and
bilayer graphene (without any moire´ flatband physics)
in Ref. 53. Typically for metals, or more generally for
situations involving electron energies much larger than
the phonon energies involved in the scattering process
(i.e. EF  ωD), static screening approximation may
be used to discuss the screening of the electron-phonon
coupling by electron-electron interactions. This leads
to two main effects: (1) The long wavelength acous-
tic phonon scattering, which is the main scattering pro-
cess at low (T  TBG) temperatures, is suppressed by
screening leading to an effective decrease of the electron-
phonon coupling compared to its bare value, i.e., the low-
temperature BG regime has an effectively lower value
of the deformation potential coupling because of static
screening by the electrons themselves; and (2) because of
the wavenumber dependence of static screening, an ex-
tra power of q2, where q is the wavenumber of the scat-
tered phonon, comes into play inside the Bloch-Gru¨neisen
integral in Eqs. (1) and (2) of Sec. II, leading to the
low-temperature BG resistivity temperature dependence
changing to Tn+2 where n is the BG resistivity power
law (n = 4 in 2D and 5 in 3D) without screening. We
emphasize that both of these screening induced modifi-
cations of phonon scattering happen only in the low tem-
perature regime where long wavelength acoustic phonon
are involved in the scattering process. The higher tem-
perature equipartition phonon scattering regime with the
linear-in-T resistivity behavior, which is the topic of our
interest in the paper, is hardly affected by screening be-
cause the scattering in this linear-in-T regime involves
almost entirely large wavenumber 2kF acoustic phonons
which are essentially unscreened since screening occurs
mostly at long distances (i.e. small wavenumbers). Thus,
even when screening is potentially important (i.e. when
EF  ωD), the interesting linear-in-T resistivity pro-
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duced by acoustic phonon scattering is hardly affected by
screening, a fact which is not widely appreciated. In ad-
dition, we point out that the screened BG behavior with
a T 6 low-T dependence of the resistivity has never been
observed in any 2D materials, so it is unclear that even
the low-T BG regime is actually affected by screening at
all. In fact, the experiment in Ref. 50 clearly finds a T 4
(and not a T 6) power law dependence in the resistivity for
T  TBG in very high density (> 1013 cm−2) graphene
layers where, in principle, screening could play a role. In
addition, the experimental resistivity measured in Ref. 50
is quantitatively consistent with a single graphene defor-
mation potential electron-phonon coupling constant (∼20
eV) throughout both low-T BG (ρ ∼ T 4) and high-T
equipartition (ρ ∼ T ) regimes49. This experimental find-
ing strongly argues against screening playing any role in
graphene acoustic phonon scattering induced carrier re-
sistivity even in the physical situation (EF  ΩD and
T  TBG) where screening might play a role.
The main physics of the interplay of electron-electron
and electron-phonon interaction in the context of tBLG
transport properties can only be captured by carrying
out a fully dynamical theory where both electron-electron
and electron-phonon interactions are frequency depen-
dent. Such a transport theory is highly demanding nu-
merically since the relaxation time approximation no
longer applies in such a dynamical situation, and all scat-
tering must be treated as intrinsically inelastic, necessi-
tating a full solution of the quantum transport integral
equation (in both frequency and momentum) for the re-
sistivity. We believe that such a completely numerical
theory is unwarranted for tBLG low-density (< 2× 1012
cm−2) transport since it is likely in the end to produce
results very similar to the unscreened approximation in
the linear-in-T regime where phonon scattering effects
are important. The low-T BG transport regime may in-
deed be affected by dynamical screening in some compli-
cated nonuniversal and density-dependent manner, but
this is of little practical significance since the phonon
scattering contribution to the resistivity is strongly sup-
pressed in this regime and the resistivity is likely to be
dominated by other scattering processes for T < 5 K any
way. We should comment, however, that a full dynam-
ical treatment of screened electron-phonon interaction
in the transport problem may even lead to an enhance-
ment of the effective phonon scattering strength because
it is well-known that dynamical screening could lead to
anti-screening behavior64 because the dielectric screen-
ing function (q, ω) behaves as (ω) = 1− ω2p/ω2 at high
frequencies (where ωp is the plasma frequency) which
is always less than unity leading to a generic enhance-
ment of the screened interaction. By contrast, the static
screening function for graphene (q, ω = 0) = 1 + qTF /q
, where qTF is the graphene Thomas-Fermi screening
wavenumber48, is always larger than unity leading to a
suppression of the screened interaction. Thus, whether
screening leads to an enhanced or suppressed effective
electron-phonon scattering strength is a subtle question
requiring detailed calculations, which are beyond the
scope of the current work. We expect that our results and
discussion in Sec. II with respect to phonon scattering
limited T -linear resistivity being strongly enhanced by
electron-phonon scattering in tBLG remains unaffected
by electron-electron interactions.
In contrast to the above conclusion of electron-electron
interaction not affecting our theory of phonon scatter-
ing effects in the tBLG carrier resistivity, we expect
the electron-phonon interaction to affect the tBLG ef-
fective mass renormalization. In fact, it is well-known
that electron-phonon interaction enhances the thermo-
dynamic effective mass as appearing, for example, in
the specific heat. This phonon-induced effective mass
renormalization follows simply from the real part of the
electronic self-energy due to electron-phonon coupling
whereas the imaginary part of the same self-energy con-
tributes to the resistivity (assuming no vertex correc-
tions). The phonon-induced effective mass renormaliza-
tion (without considering any electron-electron interac-
tion effects) itself is given in the leading order many-body
perturbation theory by:
m∗/m = 1 + λ, (24)
where m∗ (m) are the renormalized (bare) effective
masses, and λ is the dimensionless electron-phonon cou-
pling strength which also enters the high-temperature re-
sistivity through the formula:
~/τ = 2piλkBT, (25)
where τ is the scattering relaxation time entering into
the Drude formula for the resistivity (with N0 being the
density of states at the Fermi energy):
1/ρ = e2v∗2F N0τ/2. (26)
The dimensionless tBLG electron-phonon coupling is pro-
portional to the deformation potential coupling strength
and is given by:
λ = N0D
2/(2ρmv
2
ph). (27)
In small twist-angle tBLG, λ ∼ 136 for n ∼ 1012
cm−2 carrier density, leading to the phonon scattering
rate manifesting the so-called Planckian behavior4 with
~/τ  kBT whereas the ordinary MLG and BLG have
λ(∼ 0.01)  1 leading to weak phonon-induced T -
dependence in the resistivity even at room temperatures.
With respect to the effective mass renormalization, a
λ ∼ 1 corresponds to a factor of 2 increase in the renor-
malized effective mass over the bare mass arising in small
angle tBLG purely from the strongly enhanced electron-
phonon coupling whereas the corresponding electron-
phonon renormalization in the MLG effective mass is
of the order of ∼1%.65 Thus, the effective mass renor-
malization can indeed be strongly affected by electron-
phonon interaction in addition to the electron-electron
interaction effects discussed in Sec. III. First, we note
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that the renormalization of the effective mass by electron-
phonon interaction enhances the effective mass (i.e. it
is a positive renormalization with λ > 0) whereas the
effective mass renormalization by the logarithmic flow
of the electron-electron interaction effect is always neg-
ative with the renormalized effective mass being sup-
pressed compared with the bare effective mass since
the Fermi velocity is always enhanced as density de-
creases due to the RG flow. In addition, the den-
sity of states for tBLG in the Dirac cone regime (i.e.
low density) has a density dependence N0 ∼
√
n, in-
dicating that phonon-induced effective mass renormal-
ization correction increases (decreases) with increasing
(decreasing) carrier density. Thus, the electron-phonon
and electron-electron (Sec. III) interaction-induced ef-
fective mass renormalization behave the opposite ways
(although both are proportional to the respective cou-
pling constants λ and α). The two effects can be dis-
tinguished, in principle, by careful measurements at low
and high carrier densities (but staying within the Dirac
cone approximation which implies n < 1012 cm−2 always)
where electron-electron and electron-phonon interactions
would dominate respectively. Whether such a separation
of the two renormalization effects is experimentally viable
through density-dependent effective mass measurements
carried out in the regime (below the van Hove singu-
larities) where the Dirac cone approximation is valid is
unclear since the overall density regime is only about two
decades in carrier density (at best 1010 to 1012 cm−2).
We note that the opposite effective mass renormaliza-
tion correction of the electron-phonon interaction com-
pared with that of electron-electron interaction may be
one of the underlying reasons for the experimental tBLG
measurements finding very little mass or velocity renor-
malization as discussed in Sec. III — the possibility of
the two renormalization effects canceling each other out
(at least within the large error bars of the currently avail-
able data) cannot be ruled out at this stage. With more
data over an extended density regime, one should be able
to address this issue quantitatively since the density de-
pendences of the two renormalizations are qualitatively
different (i.e. logarithmic for the electron-electron inter-
action and square root for the electron-phonon interac-
tion).
Another interesting question in this context is whether
the two renormalization effects are additive as is of-
ten assumed in leading-order theories. It may seem
that the total effective mass renormalization arising from
both electron-electron and electron-phonon interactions
together, i.e. the experimental effective mass, can simply
be written as (up to leading orders in the two interac-
tions):
m∗/m = 1 + λep + λee, (28)
where λep equals λ defined above and λee is the
electron-electroon interaction dependent logarithmic ef-
fective mass renormalization discussed in Sec. III. Note
that both λep and λee include implied carrier density de-
pendence not shown explicitly (i.e. subsumed in the λ).
Note also (as emphasized above) that the two renormal-
izations come with opposite signs– λep (λee) enhances
(suppresses) the effective mass. Although this additive
renormalization appears reasonable in a theory involv-
ing leading order calculations for both interactions, it is
not obvious at all that in the strong coupling situation,
where both electron-phonon and electron-electron tBLG
interactions are strong (by virtue of the strong flatband-
induced suppression of the bare Fermi velocity for small
twist angles), that the net renormalization would be ad-
ditive. It is entirely possible that because of the strong ef-
fects of the two interactions (and because they come with
opposite signs), the theory would necessitate a Borel-
Pade´ resummation of the type discussed in Sec. III for
the electron-electron interaction itself. The issue of addi-
tive or not combined renormalization is beyond the scope
of the current work and remains an interesting question
for future investigations.
V. CONCLUSION
In summary, we have considered two aspects of many-
body renormalization of low-density (n ≤ 1012 cm−2)
tBLG electronic properties for low twist angle (θ < 1.5◦),
where the continuum Dirac cone approximation should
apply since the Fermi level is below the van Hove singu-
larities. For the electron-phonon interaction, the small
tBLG band velocity implies greatly enhanced (∼ 1/v∗2F )
electron-phonon coupling leading to very large and linear-
in-T resistivity for T ≥ TBG/8 where TBG = 2~vphkF ∝√
n. The theory explains the available experimental data
well for T > 5 K or so with the main discrepancy arising
from the fact that a few samples at some specific densities
appear to manifest linear-in-T resistivity to temperatures
almost an order of magnitude lower than that predicted
by our theory (although most samples at most carrier
densities agree well with the theory). We have proposed
the possibility of the van Hove singularity driven Fermi
surface Lifshitz transition and/or the gap opening at the
Dirac point as possible reasons for the discrepancy, but
much more experimental and theoretical work would be
necessary to settle the question.
For the electron-electron interactions, we have in-
vestigated the role of the so-called “coupling constant
running” in determining the low-density properties of
tBLG, where the Dirac cone approximation applies, con-
sequently leading to a logarithmic renormalization of the
Fermi velocity and the relevant tBLG fine structure con-
stant characterizing electron-electron interactions. The
motivation here is that, given the large bare tBLG cou-
pling constant (∼ 1/v∗F ) arising from the small tBLG
bare Fermi velocity, electron-electron interaction effects
should be extremely strong in the tBLG low density
(< 1012 cm−2) regime. Carrying out a detailed compari-
son with the rather limited available tBLG experimental
data on the measured Fermi velocity and effective mass,
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we conclude that the experimental observation of relative
density independence of the measured low-density Fermi
velocity is inconsistent with the 1-loop RG theory which
predicts a large (∼ by factors of 2− 10 depending on the
twist angle) increase in the Fermi velocity as the carrier
density decreases from 1012 cm−2 to 1011 cm−2. We pro-
pose that the tBLG electron-electron interaction effects
are better described by a nonperturbative resummation
theory, which predicts only a modest (∼ 25%) increase
in the tBLG Fermi velocity with decreasing density in
the 1011 − 1012 cm−2 regime. We have also discussed
qualitatively the interplay between electron-electron and
electron-phonon interactions in tBLG, concluding that
the carrier screening of the deformation potential cou-
pling should play no role in the linear-in-T equiparti-
tion regime of the tBLG electrical resistivity as well as
that the effective mass renormalizations due to electron-
electron and electron-phonon interactions may oppose
each other at low carrier densities leading possibly to the
experimental null results on the velocity or mass renor-
malization effects although much more data would be
needed before this cancellation can be validated.
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